ABSTRACT. Let f : R 2 → R be a function with upper semicontinuous and quasi-continuous vertical sections f x (t) = f (x, t), t, x ∈ R. It is proved that if the horizontal sections f y (t) = f (t, y), y, t ∈ R, are of Baire class α (resp. Lebesgue measurable) [resp. with the Baire property] then f is of Baire class α + 2 (resp. Lebesgue measurable and sup-measurable) [resp. has Baire property].
Introduction
Let R be the set of all reals. It is well known that there is a nonmeasurable (in the sense of Lebesgue) set A ⊂ R 2 which intersects every straight line at most two points (see Sierpiński [8] ). The horizontal sections f y (t) = f (t, y), t, y ∈ R, and the vertical sections f x (t) = f (x, t), t, x ∈ R, of the characteristic function f = κ A of the set A are upper semi-continuous everywhere and discontinuous at most two points. Nevertheless the characteristic function f of the set A is not Lebesgue measurable. In this article we prove that the simultaneous upper semi-continuity and quasi-continuuity of the sections f x , x ∈ R, and the measurability (Borel, Lebesgue or Baire) of the sections f y , y ∈ R, guarantee similar measurability of f .
The main results
For the formulation of the main results of this note recall that a function g : R → R is quasicontinuos at a point x ∈ R if for each η > 0 there is a nonempty open interval [4, 7] P r o o f. Without loss of generality we can assume that the set A is countable. For all positive integers n ≥ 1 and all integers k ∈ Z we find open intervals I n,k = (a n,k , a n,k+1 ) with endpoints belonging to A such that 0 < a n,k+1 − a n,k < 1 n , a n,k ∈ a n+1,i : i ∈ Z for k ∈ Z and lim k→−∞ a n,k = −∞ and lim k→∞ a n,k = ∞. For n ≥ 1 and y ∈ I n,k we put f n (x, y) = sup
for k ∈ Z. We will prove that f = lim n→∞ f n . Fix a point (x, y) ∈ R 2 and a real η > 0. If y = a n,k for some n ≥ 1 and k ∈ Z then evidently for all w ∈ R and i ≥ n we have f i (w, y) = f (w, y). Therefore we can assume that y = a n,k for all n ≥ 1 and k ∈ Z. Since the section f x is upper semi-continuous, there is a real
for i ≥ m and lim n→∞ f n = f . Now we shall prove that the functions f n are of Baire class α + 1. Indeed, since the vertical sections f x are quasi-continuous, for a fixed a ∈ R and integers n, k, the set
class whenever α > 0. Therefore for α > 0 the set Put I n = (a n , b n ) for n ≥ 1 and find reals c n ∈ (a n , b n ) and r n ∈ (0, b n −a n ) such that c n > b n − r n and a k is not in (b n , b n + r n ) for k < n. Let T n be the triangle with the vertices (c n ,
for (x, y) ∈ T n , n ≥ 1, and let g(x, y) = 0 otherwise on R 2 . Observe that all horizontal sections g y are continuous and all vertical sections g x are quasicontinuous. Moreover, if a section g u is not upper semi-continuous at a point w ∈ R then w ∈ C. For such a point (u, w) we put f (u, w) = lim sup y→w g(x, y) and let f (x, y) = g(x, y) for all other points (x, y) ∈ R 2 . Then the vertical sections f x , x ∈ R, are quasi-continuous and upper semi-continuous and for all y ∈ R \ C the sections f y are continuous. Since f (b n , b n ) = 1 and f (a n , a n ) = 0 for n ≥ 1, the function f is not of Baire 1 class. Therefore it is not true that if for the function f : R 2 → R having upper semi-continuous and simultaneously quasi-continuous its vertical sections f x , x ∈ R, there is a dense set A ⊂ R such that the horizontal sections f y , y ∈ A, are continuous, then f is of Baire 1 class. So in Theorem 2.1 the Baire class α + 2 of f cannot be replaced by a smaller one.
Analogously as Theorem 2.1 we can prove the following theorem. 
Remark 3º
It is known that the quasi-continuity everywhere and the continuity almost everywhere of all vertical sections f x , x ∈ R, of a function f : R 2 → R and the Lebesgue measurability of all horizontal sections f y , y ∈ R, imply the Lebesgue measurability of f ( [6] ). The following example shows that there are upper semi-continuous and simultaneously qusi-continuous functions g : R → R which are not almost everywhere continuous. 
II. Sup-measurability
Recall that a function f : R 2 → R is said (L)-sup-measurable (resp. (B)-supmeasurable) if for each Lebesgue measurable (resp. with the Baire property) function g : R → R the Carathéodory superposition h(x) = f (x, g(x)) is Lebesgue measurable (resp. has the Baire property) (compare [10] 
have the Baire property). Then f is (L)-supmeasurable (resp. (B)-sup-measurable).
P r o o f. The same as in the proof of Theorem 2.1 for all positive integers n ≥ 1 and all integers k ∈ Z we find open intervals I n,k = (a n,k , a n,k+1 ) with endpoints
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belonging to A such that 0 < a n,k+1 − a n,k < 1 n , a n,k ∈ {a n+1,i : i ∈ Z} for k ∈ Z and lim k→−∞ a n,k = −∞ and lim k→∞ a n,k = ∞.
For n ≥ 1 and y ∈ I n,k we put f n (x, y) = sup g(x) ) for x ∈ R, for the proof of the Lebesgue measurablity of the superposition h(x) = f ( x, g(x) ), it suffices to show that the superpositions h n (x) = f n (x, g(x)) are Lebesgue measurable for n ≥ 1. For this we will prove that they are approximately continuous almost everywhere.
The sets E n,k = x ∈ R : g(x) = a n,k , k ∈ Z, are Lebesgue measurable and the sections f a n,k are Lebesgue measurable. Since Lebesgue measurable functions are approximately continuous almost everywhere, the restrictions h n /E n,k (x) = f (x, a n,k ), k ∈ Z, of the superposition h n are aproximately continuous almost everywhere. Similarly the sets H n,k = x ∈ R : g(x) ∈ (a n,k , a n,k+1 ) are Lebesgue measurable for k ∈ Z. The restrictions g/H n,k are approximately continuous almost everywhere. Let w ∈ (a n,k , a n,k+1 ). Observe that f n (x, y) = f n (x, w) for y ∈ (a n,k , a n,k+1 ) and x ∈ R. Since f n is Lebesgue measurable by Theorem 2.4, the section (f n ) w is also Lebesgue measurable. As Lebesgue measurable the section (f n )
w is approximately continuous almost everywhere. If x ∈ H n,k is a density point of the set H n,k at which (f n ) w is aproximately continuous then from the equality f n (t, g(t)) = f n (t, w) for t ∈ H n,k it follows that the function h n (t) = f n (t, g(t)) is also approximately continuous at x. This finishes the proof of (L)-sup-measurability of f . For the proof of the (B)-supmeasurability of f we take a function g : R → R with the Baire property and consider the superposition h n (x) = f n (x, g n (x). The restrictions h n /E n,k , k ∈ Z, have evidently the Baire property. Next finding w ∈ (a n,k , a n,k+1 ) we observe that there is a residual set K such that the restrictions g/K and (f n ) w /K are continuous. Therefore the restrictions h n /(K ∩ H n,k ) are continuous and h n has the Baire property. This finishes the proof of (B)-sup-measurability of f .
Final problem
In the theory of differential equations it is well known that if a locally bounded 
